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In crystals with time-reversal symmetry but without inversion symmetry, the phonon angular
momentum can be generated by the temperature gradient, and it is called phonon thermal Edelstein
effect. On the other hand, when both symmetries are broken and their product is conserved, the
phonon angular momentum for any phonon modes at any wave vectors vanishes, and the phonon
thermal Edelstein effect does not occur. In this paper, we propose another mechanism of generation
of the phonon angular momentum. We show that in such crystals the electric field generates the
phonon angular momentum, via the lattice distortion due to the electric field. This effect is in the
same symmetry class with the magnetoelectric effect, and we call this effect phonon rotoelectric
effect. We discuss the temperature dependence of the phonon angular momentum generated by the
temperature gradient and by the electric field in the high- and the low-temperature limits.
I. INTRODUCTION
In recent years, interesting properties of phonons have
been reported such as phonon Hall effect [1–5] and topo-
logical nature of phonon systems [6–11]. In the phonon
Hall effect, phonons couple with a magnetic field via
the spin-phonon interaction, and then a flow of phonons
having microscopic angular momentum can be generated
[12]. The phonon angular momentum represents micro-
scopic local rotations around the equilibrium positions
of atoms in the crystal lattices. Various phenomena re-
lated with the phonon angular momentum have been
proposed, such as correction to the Einstein-de Haas ef-
fect [12], spin relaxation [13–15], orbital magnetization
of phonons [16], and conversion between magnons and
phonons [17, 18]. In systems without inversion symme-
try, phonon modes have chirality [19]. In particular, in
the valleys of the phonon band structure in momentum
space, the angular momenta of the chiral phonons are
quantized and their excitation by intervalley scattering
of electrons using circular polarized light has been pro-
posed, and the chiral phonons has been experimentally
observed in monolayer tungsten diselenide [20]. More-
over, in mechanical graphene and sonic crystals, topo-
logical edge modes of phonons have been reported based
on the chirality of phonons [6, 7, 11]. On the other hand,
methods of generation of the phonon angular momentum
have been proposed by several means, such as an external
magnetic field [12, 21], circular polarized light [19, 20],
infrared excitation [16, 22], a rigid-body rotation of crys-
tals [11, 23], and a temperature gradient [24]. The classi-
fication of materials with phonon angular momentum for
time-reversal symmetry, inversion symmetry, and their
product is reported [25].
The distribution of the phonon angular momentum
in momentum space is constrained by crystallographic
symmetries and time-reversal symmetry. In particular,
the phonon angular momentum vanishes for any phonon
modes when both time-reversal and inversion symmetries
are present. In the previous study [12], the phonon angu-
lar momentum is shown to be nonzero in systems without
time-reversal symmetry. In our previous work, we re-
ported that the phonon angular momentum is generated
by temperature gradient in crystals without inversion
symmetry, such as wurtzite gallium nitride, tellurium and
selenium, and we call this effect phonon thermal Edel-
stein effect [24]. On the other hand, in systems with the
product of time-reversal and inversion symmetries, the
phonon angular momentum of every phonon mode be-
comes zero at any wave vectors. Hence, the total phonon
angular momentum in equilibrium is zero. Moreover, the
phonon angular momentum due to phonon thermal Edel-
stein effect cannot be generated. In this paper, we the-
oretically propose generation of the phonon angular mo-
mentum by an electric field in systems with neither time-
reversal nor inversion symmetries. We first discuss this
effect from the view point of magnetic point group sym-
metries. Then, we show generation of the phonon angular
momentum by an electric field using a two-dimensional
spring-mass model with spin-phonon interaction, and dis-
cuss that it is due to the lattice distortion by the electric
field. Moreover, we discuss differences of two phenomena
of generation of phonon angular momentum, one by the
temperature gradient and the other by the electric field.
II. PHONON ANGULAR MOMENTUM AND
SYMMETRY
The angular momentum of nuclei motions in crys-
tals consists of two parts; a rigid-body rotation of the
whole crystal and microscopic local rotations of the
atoms around their equilibrium positions, and the lat-
ter is called phonon angular momentum [12]. In equilib-
rium, the phonon angular momentum per unit volume is
represented as
Jphα =
1
V
∑
k,σ
lσ,α(k)
(
f0(ωσ(k)) +
1
2
)
, α = x, y, z, (1)
lσ,α(k) = ~ǫ
†
σ(k)Mαǫσ(k), (2)
2where f0(ωσ(k)) = 1/(e
~ωσ(k)/kBT −1) is the Bose distri-
bution function, T is the temperature, and V denotes the
sample volume. ǫσ(k) is displacement polarization vector
at the wave vector k with a mode index σ, and ωσ(k) is
the eigenfrequency of a phonon mode. These quantities
ǫσ(k) and ωσ(k) constitute a solution of the eigenmode
equation for phonons D(k)ǫσ(k) = ω
2
σ(k)ǫσ(k), where D
is the dynamical matrix. The matrix Mα is the tensor
product of the N ×N unit matrix for a unit cell with N
atoms and a generator of SO(3) rotations, and is given
by (Mα)βγ = IN×N ⊗ (−i)εαβγ (α, β, γ = x, y, z). lσ(k)
in Eq. (2) is the phonon angular momentum of a phonon
mode σ at wave vector k. We note that a nonzero angu-
lar momentum is not necessarliy associated with a super-
position of degenerated two phonon modes as studied in
Refs. [13, 16, 22], but can appear in a single phonon mode
by acquiring elliptic motions of nuclei. The phonon angu-
lar momentum of each phonon mode satisfies the follow-
ing relation; in the system with time-reversal (inversion)
symmetry, it is an odd (even) function of the wave vector
k: lσ(k) = ∓lσ(−k). Thus, to make the phonon angu-
lar momentum nonzero, at least one of these symmetries
must be broken. In the crystals without inversion sym-
metry, the phonon angular momentum sums up to zero in
equilibrium, but it becomes nonzero by the temperature
gradient [24]. Here, we focus on systems with neither of
these symmetries, namely as magnetic crystals without
inversion symmetry. First we propose the phonon ther-
mal Edelstein effect in magnetic insulators without the
product of time-reversal and inversion symmetries. Next,
we propose the new effect to generate the phonon angu-
lar momentum in magnetic insulator with the product of
time-reversal and inversion symmetries.
A. Phonon thermal Edelstein effect in magnetic
insulators
We focus on systems with neither of these symmetries,
namely as magnetic crystals without inversion symme-
try, and we discuss the extension of the phonon thermal
Edelstein effect from the nonmagnetic insulators to the
magnetic insulators. Note that in the phonon sysmtes
without time-reversal symmetry, the eigenvalue equation
for phonons couples between positive-frequency modes
(σ > 0) with negative-frequency modes (σ < 0). Nev-
ertheless, they represent the same mode via ωσ(k) =
−ω−σ(−k), and therefore, the summation in Eq. (1) is
limited to positive-frequency modes (σ > 0) [12]. When
the temperature gradient is applied to a system with nei-
ther of these symmetries, the phonon angular momentum
Jphα consists of two terms up to the linear order in the
temperature gradient; an equilibrium term Jequil.α and a
term proportional to the temperature gradient, and it is
given by
Jphα = J
equil.
α + ααβ
∂T
∂xβ
, (3)
where α and β are real-space coordinates, and ααβ repre-
sents a response tensor to the temperature gradient. Be-
cause the phonon angular momentum of each mode is no
longer an even or odd function of the wave vector k when
neither of these symmetries are present, the phonon an-
gular momentum in equilibrium does not cancel between
k and −k. In addition, the phonon thermal Edelstein ef-
fect is also allowed. Note that the response tensor α for
the phonon thermal Edelstein effect in magnetic crystals
is determined by their magnetic point groups. The re-
sponse tensor α is nonzero for 40 magnetic point groups,
and a full list of the form of the axial tensor ααβ is avail-
able from Ref. [26].
B. Phonon rotoelectric effect in magnetic
insulators
On the other hand, when both inversion and time-
reversal symmetries are broken and their product is con-
served, the phonon angular momentum for each mode
lσ(k) becomes zero at any wave vector. Therefore, the
total phonon angular momentum becomes zero. In this
case, the phonon thermal Edelstein effect does not occur
because the change of the phonon distribution does not
contribute to the phonon angular momentum, owing to
lσ(k) = 0. Here, we theoretically propose another mech-
anism of generation of the phonon angular momentum.
A similar mechanism is known in multiferroic materials,
called magnetoelectric effect [27]. The magnetoelectric
effect is expressed asMα = α
ME
αβ Eβ , Pα = α
ME
βα Bβ , where
M,P,B,E are a magnetization, a polarization, a mag-
netic field, and an electric field, respectively. This cross-
correlations are allowed by absence of both time-reversal
and inversion symmetries. Because the magnetization
and the phonon angular momentum share the same sym-
metry properties, we show that the phonon angular mo-
mentum is generated by an electric field, in analogy to
the magnetoelectric effect.
In order to couple the magnetization with phonons,
we introduce the spin-phonon interaction [28–32], which
couples localized spins and the phonon angular momen-
tum, and this is represented as
HSPI = −g
∑
lκ
Sκ · (ulκ ×mκu˙lκ), (4)
where g is a coupling constant, Sκ is the magnetization
of localized spins at the κth atom in the unit cell, mκ
is the mass of the κth atom in the unit cell, and ulκ is
the displacement vector of the κth atom in the lth unit
cell. This interaction is known as Raman spin-phonon
interaction. The physical mechanism is the coupling of
the charged ions to the magnetic field created by the
localized spins. Because this interaction Eq. (4) works
like a Lorentz force to the nulclei, the motion of the nu-
clei is deflected by the Lorentz force and the phonon an-
gular momentum is generated. We note that the role
of the spin-phonon interaction is not to split left- and
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FIG. 1. (Color online) Schematic figure of our toy model.
(a) Spring-mass model with localized spins, and (b) its first
Brillouin zone. The red circles with dots (Au) and those with
crosses (Ad) represent particles with spins perpendicular to
xy plane and effective negative charges, and the blue circles
(B) represent particles with effective positive charges. The
primitive vectors are a1 = a(2, 0),a2 = a(0,
√
3) with lattice
constant a. The straight segments in (a) represent springs.
right-circularly polarized phonons. Phonon modes at a
general k points are nondegenerate, and when the spin-
phonon interaction is taken into account, the motions of
the nuclei become elliptic, and the phonon modes acquire
angular momenta.
Thus in an analogy with the magnetoelectric effect, we
expect that an electric field generates the phonon angular
momentum. It is represented as
Jphα = βαβEβ , (5)
where E is an electric field and βαβ is a response tensor,
and we call this effect phonon rotoelectric effect. The
response tensor βαβ is an axial tensor, and it is nonzero
for 18 magnetic point groups with the product of time-
reversal and inversion operations and 40 magnetic point
groups without it.
We note that the phonon rotoelectric effect in this pa-
per is the coupling between the microsocpic local rotation
of atoms and the electric field. It is different from the ro-
toelectricity [33], which means generation of the electric
polarization by the static rotation angle of octahedra in
materials forming the perovskite structure. Thus, we call
the effect proposed in this paper “phonon rotoelectric ef-
fect” to emphasize that it induces phonons with angular
momentum.
III. SPRING-MASS MODEL IN TWO
DIMENSIONS
In order to calculate the phonon angular momentum
generated by an electric field, we introduce a toy model.
Our toy model is a spring-mass model with localized
spins, and this model is shown in Fig. 1. In Fig. 1(a),
the red circles with dots and those with crosses represent
particles with effective negative charges qA = −q0/2 and
spins perpendicular to the xy plane S = (0, 0,±S), re-
spectively, and the blue circles represent particles with
effective positive charges qB = q0, where q0 is a pos-
itive constant. This model has three particles in the
unit cell. The motions of the particles are confined
within the xy plane. Thus, this model represents an
antiferromagnetic insulator. Here, the primitive vectors
are a1 = a(2, 0),a2 = a(0,
√
3) with lattice constant
a, and the reciprocal vectors are b1 = (2π/a)(1/2, 0),
b2 = (2π/a)(0, 1/
√
3). The first Brillouin zone is shown
in Fig. 1(b). We label the particles represented by the red
circles with dots, those with crosses and blue circles as
Au,Ad, and B, respectively. The spring constants of the
Au-Ad bonds and the A-B bonds are k1 and k2, respec-
tively. The potential energy of the springs is represented
as
U =
1
2
∑
〈lκ,l′κ′〉
klκ,l′κ′(|Rlκ−Rl′κ′+ulκ−ul′κ′ |− llκ,l′κ′)2,
(6)
where Rlκ and ulκ are the equilibrium position vectors
and the displacement vector of the κth particle in the
lth unit cell, respectively, and klκ,l′κ′ and llκ,l′κ′ are the
spring constants and the length of the springs between
the κth particle in the lth unit cell and the κ′th particle
in the l′th unit cell, respectively. 〈lκ, l′κ′〉 represents a
pair of the nearest neighbor particles. For simplicity, we
assume that the Coulomb potential due to the effective
charge is included in the spring constant. We set the
spring constants k1, k2 to be equal, k1 = k2 = k and the
length of the all springs l0. The Lagrangian for phonons
is represented as
L =
∑
lκ
1
2
mκu
2
lκ −
∑
lκ
∑
l′κ′
1
2
Φαβ(lκ, l
′κ′)ulκ,αul′κ′,β
+
∑
lκ
gSκ · (ulκ ×mκu˙lκ), (7)
Φαβ(lκ, l
′κ′) =
∂2U
∂ulκ,α∂ul′κ′,β
∣∣∣∣∣
u→0
, (8)
where Φ is the force constant matrix, mA(B) is a mass
of the particle A(B). To make the formula compact, we
rewrite the displacement vectors within the unit cell into
a six-dimensional vector represented as
ulκ → ul = (√mAulAu ,
√
mAulAd ,
√
mBulB)
T . (9)
4The Hamiltonian for the phonons in this toy model is
represented as
H =
1
2
∑
l
[
(pl − βzul)T (pl − βzul) +
∑
l′
uTl Φll′u
′
l
]
,
(10)
βz = g

S 0 00 −S 0
0 0 0

⊗ (0 −1
1 0
)
, (11)
Φll′ =


Φ(lAu,l
′Au)
mA
Φ(lAu,l
′Ad)
mA
Φ(lAu,l
′B)√
mAmB
Φ(lAd,l
′Au)
mA
Φ(lAd,l
′Ad)
mA
Φ(lAd,l
′B)√
mAmB
Φ(lB,l′Au)√
mBmA
Φ(lB,l′Ad)√
mBmA
Φ(lB,l′B)
mB

 . (12)
The symmetry of this toy model is characterized by the
magnetic point groupmm′m, generated by σz, C2y ,TR×
I, where TR is the time-reversal operation. We note
that the prime means a joint operation of a spatial op-
eration and the time-reversal operation TR, and we use
the notation of Bilbao Crysallographic Server [34, 35].
In equilibrium, the phonon angular momentum for each
phonon mode becomes zero at all wave vectors due to the
TR× I symmetry, and therefore the total phonon angu-
lar momentum is zero. We consider the response ten-
sor β of the phonon rotoelectric effect in Eq. (5). From
symmetry analysis for mm′m, nonzero elements of the
response tensor βαβ are βxz and βzx. This form of the
response tensor β can also be seen from the following ar-
gument. For example, when the electric field is applied
along the x-direction, the equilibrium positions of parti-
cles are slightly shifted along the x-direction due to the
electrostatic force, and thus, the symmetry of this sys-
tem is lowered to 2′m′m, which necessarily leads to a
nonzero angular momentum along the z-direction. On
the other hand, when the electric field is applied along
the y-direction, the equilibrium positions of particles are
slightly shifted along the y-direction, and the symmetry
of this system becomes m2m which is a magnetic point
group generated by σx and σz . The phonon angular mo-
mentum along the z-direction cancels between (kx, ky)
and (−kx, ky) due to the C2y symmetry. Therefore, when
the electric field is applied along the x-direction, the
phonon angular momentum is generated and it is pro-
portional to the electric field.
IV. NUMERICAL RESULTS AND DISCUSSION
We calculate the phonon angular momentum generated
by the electric field. In this toy model, let d˜κ denote the
slight deviation of the equilibrium position of the κ-th
particle in the unit cell along the external electric field
E. This lattice deformation comes from the electrostatic
force onto the effective charges of the particles. In the
deformed lattice structure, the new equilibrium positions
become R′lκ = Rlκ + d˜κ. The potential energy of the
spring is rewritten as
U =
1
2
∑
〈lκ,l′κ′〉
k(|R′lκ −R′l′κ′ + ulκ − ul′κ′ | − l0)2, (13)
To satisfy the balance of the force onto each particle at
its equilibrium position, the relation between the devi-
ation d˜ = d˜B − d˜A and the external electric field E is
represented as
(Ex, Ey) = − k
q0
((4− 3η)d˜x, (4− η)d˜y), (14)
with a parameter η = l0/a.
Here, we show the numerical result of our toy model.
For simplicity, we set the parameters as k = 1, mA =
mB = 1, g = 0.1, S = 1, and η = 0.8. When the restor-
ing force does not work (η = 1), the phonon dispersion
has zero-frequency flat band and this model is unstable.
Therefore we set η < 1.
First, we show the phonon dispersion and phonon an-
gular momentum in the system with the electric field
along the x-direction Ex. In Figs. 2(a) and (b), we show
the deformed lattice structure by the electric field Ex and
its phonon dispersion, respectively. In Figs. 2(c) and (d),
we show the sum of the phonon angular momentum along
the z-direction of all the phonon modes with the electric
field Ex on the high-symmetry line and in the first Bril-
louin zone, respectively. The sum of the phonon angular
momentum along the z-direction becomes nonzero. Due
to TR×C2x and TR×σy symmetries, the phonon angu-
lar momentum satisfies lσ,z(kx, ky) = lσ,z(−kx, ky), and
then the total phonon angular momentum along the z-
direction can be nonzero even after the summation over
the all the phonon modes. At finite temperature, the
total phonon angular momentum is given by the sum of
the product between lσ,z(k) and the Bose distribution
function, and it is also nonzero.
Next, we show the phonon dispersion and phonon an-
gular momentum in the system with the electric field
along the y-direction Ey. In Figs. 2(e) and (f), we show
the deformed lattice structure by the electric field Ey and
its phonon dispersion, respectively. In Figs. 2(g) and (h),
we show the sum of the phonon angular momentum along
the z-direction of all the phonon modes with the electric
field Ey on the high-symmetry line and in the first Bril-
louin zone, respectively. The sum of the phonon angular
momentum along the z-direction cancels between (kx, ky)
and (−kx, ky) due to σx and C2y symmetries. Therefore,
the phonon angular momentum with the electric field Ey
have the nonzero value at any wave vector k, and its sum
over the wave vector in the first Brillouin zone vanishes.
We note that the dipersions with E ‖ xˆ (Figs. 2(b)) and
E ‖ yˆ (Fig. 2(f)) look similar, but these two cases have
different eigenstates, leading to different behaviors for
angular momenta.
Next, we show dependence of the phonon angular mo-
mentum under the electric field Ex on the atomic devi-
ation d˜ in Fig. 3. The sum of the phonon angular mo-
mentum of all the modes over the wave vector in the first
5FIG. 2. (Color online) Phonon dispersion and the phonon angular momentum with the electric field. (a) and (e): Deformed
lattice structure by the electric field along the x-direction and along the y-direction, respectively. (b) and (f): Phonon dispersion
with the electric field Ex and with the electric field Ey, respectively. (c) and (g): Sum of the phonon angular momentum over
the phonon modes with the electric field Ex and with the electric field Ey on the high-symmetry lines, respectively. (d) and
(h): Sum of the phonon angular momentum over the phonon modes with the electric field Ex and with the electric field Ey,
shown in the first Brillouin zone, respectively. We set the parameters as k = 1, mA = mB = 1, η = 0.8, and d˜ = (a/50, 0).
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FIG. 3. Dependence of the phonon angular momentum on
the atomic deviation d˜ due to the electric field Ex.
Brillouin zone is proportional to the slight deviation d˜.
Because, from Eq. (14), the slight deviation d˜ is propor-
tional to the electric field E, the phonon angular mo-
mentum is proportional to the electric field. Thus, this
gives microscopic mechanism for the phonon rotoelectric
effect. From this result, it follows that applying electric
fields in opposite directions reverses the handedness of
elliptical motion of the ions.
Next, we discuss the phonon rotoelectric effect and the
phonon thermal Edelstein effect in a three-dimensional
system in the high- and the low-temperature limit. From
the discussion above, the response tensor βαβ for the
phonon rotoelectric effect behaves similarly to the equi-
librium phonon angular momentum in a system with-
out time-reversal symmetry in the high- and the low-
temperature limit. Therefore, as is similar to the previ-
ous study [12], the phonon rotoelectric effect tensor βαβ
vanishes in the high-temperature limit. On the other
hand, in the low-temperature limit, the zero-point mo-
tion becomes dominant for the phonon angular momen-
tum. As shown in the appendix, the phonon rotoelectric
tensor βαβ in the low-temperature limit has a constant
term due to zero-point motion and a term proportional
to T 5 coming from the Bose distribution.
On the other hand, as shown in the appendix, the
phonon angular momentum by the phonon thermal Edel-
stein effect becomes constant in the high-temperature
limit, and becomes proportional to T 3 in the low-
temperature limit. These differences in temperature de-
pendence between the phonon rotoelectric effect and the
phonon thermal Edelstein effect come from the differ-
ence in their physical origins. In the phonon thermal
Edelstein effect, the deviation of the phonon distribution
from equilibrium contributes to the total phonon angular
momentum. On the other hand, in the phonon rotoelec-
tric effect, the change of the phonon angular momentum
by the reduction of the symmetry contributes. There-
fore, the temperature dependences of these effects are
quite different.
We compare the two effects of generation of phonon
6angular momentum. One is by an external magnetic field,
as proposed in Ref. [12], and the other is by an external
electric field, i.e. the phonon rotoelectric effect. Both in
these two effects, the spin-phonon interaction Eq. (4) is
needed.
First, we roughly estimate the response to the exter-
nal magnetic field B, the system acquires a spin angu-
lar momentum VcellχB, where χ is the susceptibilitiy
and Vcell is the volume of unit cell. This gives rise to
a spin-phonon coupling of the size ∼ gVcellχB~. Com-
pared with the phonon bandwidth, i.e. the Debye fre-
quency ωD, its dimensionless size is gVcellχB~/(~ωD) =
gVcellχB/ωD. Thus we evaluate the phonon angular
momentum to be (gVcellχB/ωD) × ~ per mode. Thus
the total phonon angular momentum per unit volume is
Jphz ∼ gVcellχB~/(ωDVcell) = gχB~/ωD.
Next, we roughly evaluate the response to the elec-
tric field E. The electric field E induces a polarization
(ε − ε0)E, where ε is the dielectric constant and ε0 is
the vacuum permittivity. Then the displacement is of
the order of (ε − ε0)EVcell/e, where −e is the electronic
charge. This modifies the dynamical matrix of the ra-
tio (ε − ε0)EVcell/(ea), where a is the lattice constant.
This perturbation to the dynamical matrix, together
with the spin-phonon interaction whose diminsionless
size is g~/ωD, the phonon angular momentum is ((ε −
ε0)EVcell/(ea))×(g~/ωD)×~ = (ε−ε0)EVcellg~2/(eaωD).
Thus the total phonon angular momentum per unit vol-
ume is Jphz ∼ ((ε − ε0)EVcellg~2/(eaωD))/Vcell = (ε −
ε0)Eg~
2/(eaωD). Using this result, we estimate the mag-
nitude of the angular momentum induced by an electric
field for a real material. Thus far, we do not have quan-
titative estimate for the spin-phonon coupling constant g
for a real material, and here we set it to be 1 cm−1/~2,
as adopted in Ref. 36. We consider Cr2O3 as an exam-
ple for a multiferroic material, and its phonon frequency
is typically ωD ∼ 101THz ∼ 10−2eV [37]. Therefore,
g~/ωD ∼ 1cm−1/10−2eV ∼ 10−3. On the other hand,
the displacement of atoms is around 10−15m for an elec-
tric field ∼ 10 V/mm, by using the dielectric constant
ε ∼ 11ε0 [38] and the lattice constant ∼ 5A˚. Thus, the
induced angular momentum per each mode is of the or-
der 10−15m/(5A˚)× 10−3 × ~ ∼ 10−8~. At room temper-
ature T = 300K, the phonon population is of the order
kBT/~ωD ∼ 1, and therefore the induced angular mo-
mentum per unit cell at room temperature is also of the
order ∼ 10−8~. Note that it is only an order estimate,
and the effect of the external field depends on phonon
modes.
V. CONCLUSION
We have theoretically predicted generation of the
phonon angular momentum by an electric field in sys-
tems without time-reversal and inversion symmetries.
When time-reversal and inversion symmetries are bro-
ken and their product is conserved, the phonon angular
momentum vanishes in equilibrium, and it is generated
by an electric field. We note that in an ionic crystal,
the phonon rotoelectric effect automatically induces a
phonon magnetoelectric effect. This mechanism is anal-
ogous to the magnetoelectric effect in multiferroic ma-
terials as is expected from symmetry. We calculate the
generated phonon angular momentum using a toy model.
Since the phonon rotoelectric effect occurs under the
same conditions of symmetry as in the magnetoelectric
effect, we expect that the phonon angular momentum
is generated by an electric field in multiferroic materials
with the spin-phonon interaction. However, in general,
the spin-phonon interaction is weak, and thus the phonon
angular momentum by this effect may be small. Similar
to our previous work [24], when the sample is suspended
by a string so that it can freely rotate, the angular mo-
mentum is transferred into phonons, electrons, and the
rigid-body rotation of the crystal due to the conservation
of the angular momentum. Only in ionic crystals where
the nuclei have nonzero effective charge, the phonon an-
gular momentum by this effect also leads to magnetiza-
tion.
We also expect its inverse effect, a creation of electric
polarization by exciting or injecting a phonon angular
momentum in the sample from a symmetry viewpoint.
Nonetheless it should occur off the equilibrium, and its
microscopic mechanism should be quite different from the
phonon rotoelectric effect.
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Appendix: Phonon angular momentum in the high-
and the low-temperature limits
In this section, we derive behaviors of the phonon ther-
mal Edelstein effect and the phonon rotoelectric effect
in a three-dimensional system in the high- and the low-
temperature limits. We first consider the phonon thermal
Edelstein effect. At high temperature ~ωσ(k)≪ kBT , we
can expand the Bose distribution function as
f0(x) =
1
ex − 1 =
1
x
− 1
2
+
1
12
x+O(x2), (A.1)
with x = ~ωkBT (≪ 1). Then, the temperature derivative
of the Bose distribution function is represented as
∂f0(x)
∂T
≃ kB
~ω
− ~ω
12kBT 2
. (A.2)
7The response tensor α for the phonon thermal Edelstein
effect in the high-temperature limit is represented as
ααβ = − τ
V
∑
k,σ
lσ,αvσ,β(k)
kB
~ωσ(k)
, (A.3)
where vσ(k) =
∂ωσ(k)
∂k is the group velocity of a phonon
mode. This shows that the response tensor becomes con-
stant in the high-temperature limit.
At low temperature ~ωσ(k) ≫ kBT , we consider only
the acoustic modes with a long wave length, because pop-
ulations in the phonon modes except for the acoustic
modes are negligibly small. In the long wave length limit,
the frequencies of acoustic modes are represented as
ωσ(k) = vσ
√
k2x + k
2
y + k
2
z = vσk, (A.4)
where σ = 1, 2, 3 represents a band index for the acoustic
modes. For simplicity, we assume that the group velocity
is isotropic and we change the wave vector k from the
Cartesian coordinate (kx, ky, kz) to the polar coordinate
(k, θ, φ). We can expand the phonon angular momentum
of each mode in the Taylor series as
lσ,α(k) = γσ,αβkβ +O(k
2). (A.5)
Since we are focusing on systems without inversion sym-
metry, linear order terms are allowed here. The coeffi-
cient tensor γαβ is an axial tensor because the phonon
angular momentum of each mode is an axial vector and
the wave vector is a polar vector. In the system of an
infinite size, the wave vectors are continuous, so that one
can replace summation by integration,
1
V
∑
k
→ 1
(2π)3
∫ 2pi
0
dφ
∫ pi
0
dθ
∫ kc
0
dkk2 sin θ, (A.6)
where kc is a cutoff wavenumber introduced for the short
wavelength. Then, the response tensor α can be rewrit-
ten as
ααβ = − τ
V
∑
σ=1,2,3
∑
k
lσ,α(k)vσ,β(k)
∂f0(ωσ(k))
∂T
=
∑
σ=1,2,3
−τvσγσ,αβ
6π2
∫ kc
0
dkk3
∂f0(ωσ(k))
∂T
. (A.7)
Here, we use the following relation
∂f0(ωσ(k))
∂T
= −ωσ
T
∂f0(ωσ(k))
∂ωσ
, (A.8)
and we introduce the cutoff frequency ωcσ = vσk
c. Then,
the response tensor is represented as
ααβ =
∑
σ=1,2,3
τvσγσ,αβ
6π2T
∫ kc
0
dkk3ωσ
∂f(ωσ)
∂ωσ
=
∑
σ=1,2,3
τγσ,αβ
6π2v3σT
∫ ωc
σ
0
dωσω
4
σ
∂f0(ωσ)
∂ωσ
=
∑
σ=1,2,3
τγσ,αβk
4
BT
3
6π2v3σ~
4
∫ xc
σ
0
dxσx
4
σ
∂f0(xσ)
∂xσ
. (A.9)
Because xcσ =
~ωc
σ
kBT
→ ∞ in the low-temperature limit,
the integral part in Eq. (A.9) can be calculated as∫ xc
σ
0
dxσx
4
σ
∂f0(xσ)
∂xσ
= −4
∫ ∞
0
dxσ
x3σ
exσ − 1
= −24ζ(4)
= −4π
4
15
. (A.10)
Therefore, the response tensor α is represented as
ααβ = −
∑
σ=1,2,3
2π2τγσ,αβk
4
B
45v3σ~
4
T 3 (A.11)
This shows that the response tensor is proportional to
T 3 in the low-temperature limit.
On the other hand, we consider the behavior of the
phonon rotoelectric effect. At high temperature, βαβ
vanishes as T−1, because the phonon angular momentum
for the phonon rotoelectric effect at high temperature is
represented as
Jphα =
1
V
∑
k,σ
lσ,α(k)
[
kBT
~ωσ(k)
+
~ωσ(k)
12kBT
]
, (A.12)
and the first term vanishes due to
∑
k,σ(lσ,α(k)/ωσ(k)) =
0 [12]. On the other hand, at low temperature under an
electric field, the phonon angular momentum which is
the product between lσ,α(k) and the Bose distribution
function is represented as
1
V
∑
σ=1,2,3
∑
k
lσ,α(k)f0(ωσ(k)) =
∑
σ=1,2,3
4ζ(5)δσ,α
π2
(
kBT
~vσ
)5
,
(A.13)
where the phonon angular momentum for each phonon
modes is represented as lσ,α ∼ γσ,αβkβ+δσ,αβγkβkγ , and
the coefficient tensor δαβγ is an axial tensor and δσ,α =
δσ,αββ. Therefore, the phonon angular momentum due
to the phonon rotoelectric effect in the low-temperature
limit is represented as
Jphα =
1
V
∑
k,σ
lσ,α(k)
2
+
∑
σ=1,2,3
4ζ(5)δσ,α
π2
(
kBT
~vσ
)5
.
(A.14)
This shows that the response tensor βαβ for the phonon
rotoelectric effect is also proportional to T 5 in the low-
temperature limit.
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